We have constructed a theory of dual canonical formalism to study the quantum competing systems. In such a system, as the relationship between curWe have constructed a theory of dual canonical formalism to study the quantum competing systems. In such a system, as the relationship between current and voltage of each, we assumed the duality condition. We considered competing systems of two types. One type is composed of a sandwich structure with a SC (superconductor)/ SI (superinsulator)/SC junction, and its dual junction consists of a sandwich structure formed by the SI/SC/SI junction. The other type of system consists of a sandwich structure formed by the SC/FM (ferromagnet)/SC junction, and its dual junction consists of a sandwich structure formed by the FM/SC/FM junction (spin Josephson junctions).We derived the relationship between the phase and the number of particles in a dual system of each other. As an application of the dual competitive systems, we introduce a quantum spin transistor.
Introduction
In superconducting systems, there is a Josephson junction device known as a quantum effect devices [1, 2] that operates by means of quantum flux tunneling. The mesoscopic Josephson junction is a quantum effect device that operates by using single Cooper pair tunneling created by a Coulomb blockade [3] . The junction by the superconductor as the condensation of Cooper pairs and the superinsulator as the condensation of the quantum flux (vortex), i.e., the junction of superconductor and superinsulator that are dual to each other [4, 5] , forms a competing system. On the other hand, like magnetic duality, spontaneous magnetiza- 1 Corresponding author. E-mail: yoneda@jec.ac.jp tion and the domain wall are known to have a dual relationship. The junction is formed by the ferromagnet as the condensation of the spin magnetization and by the superconductor as the condensation of the domain wall; therefore, the junction [6] of the ferromagnet and the perfect diamagnetism (superconductor), where they are dual to each other, forms a competing system. As described above, we considered competing quantum systems of two types, and as an application of these systems, we propose a quantum spin transistor. Our main objective is to build a theory of quantum devices, in which the freedom of a dual particle plays an important role, and we would also like to build upon the duality theory of competitive systems. This paper is composed as follows. In the next section, as the duality system of the charge and magnetic flux, we introduce the dual canonical formalism [7] between the SC/SI/SC junction and the SI/SC/SI junction, and by imposing the dual condition to between these, we derived the quantum resistance. In sec.3, we derive the partition functions by means of the path integral for a quantum single Josephson junction and its dual model, respectively. Insec.4, as the duality of the spin and magnetic domain wall, we study the FM/SC/FM [6] junction and its dual model as an analogy with the Josephson junctions. In Sec.6, as an application of the junction mentioned in the previous section, we introduce a quantum spin transistor. In the last section, we present a summary and conclusions.
Dual canonical formalism between SC/SI/SC junction and SI/SC/SI junction
Duality has been known to be a powerful tool in various physical systems such as statistical mechanics [8] and field theory [9, 10] . Furthermore, it has been also recognized in several studies of Josephson junction systems [11, 12] . In this section, we introduce the dual canonical formalism [7] between a SC/SI/SC junction and a SI/SC/SI junction. First, we propose a small SC/SI/SC [7] junction and its equivalent circuit, which are shown in Fig.1 . It consists of the sandwich structure of the SC/SI/SC. We introduce the order field, which is given by ψ≡ √ N exp(iθ). In superconducting systems, for example, N ≡N1 −N2 represents the relative number operator of a Cooper pair, and θ≡θ1−θ2 represents the relative phase of Cooper pairs. These commutation relation is given by [ θ, N ] = i. The junction is characterized by its capacitance CJ and the Josephson energy EJ= Ic/2e, where Ic is the critical current. Now, when this junction system is considered as the Josephson junctions, it can be described by the Hamiltonian of a quantum single Josephson junction as follows: where V and I are the voltage and current of the Cooper pair, respectively. Next, we describe the theoretical model and basic equations for a SI/SC/SI junction. In such a system, we propose a small SI/SC/SI junction and its equivalent circuit, as shown in Fig.2 . It consists of the sandwich structure of the SI/SC/SI. We introduce a dual particle field [4, 13] ψ≡ Ñ exp(iθ). In superconducting systems, for example,Ñ ≡Ñ1 −Ñ2 represents the relative number operator of a vortex, andθ ≡θ1 −θ2 represents the relative phase of a vortex. These commutation relation is given by [θ,Ñ ] = i. The dual Hamiltonian of eq.(2.1) is given bỹ
Here, the first term describes the vortex energy of the dual Josephson junction, where Ev ≡ 2π 2 EJ = Φ 2 0 /2Lc is vortex energy per single-vortex and Lc ≡ Φ0/2πIc is the critical inductance. The second term describes the dual Josephson coupling energy. From eq.(2.2) dual Josephson equations are given byṼ ≡( /Φ0)∂θ/∂t = 2πIcÑ ,Ĩ ≡−Φ0∂Ñ /∂t = 2Ecsinθ/πe, whereṼ andĨ are voltage of vortex and current of vortex respectively. Here, we assume the following duality conditions,
By imposing these duality conditions, we derived the next two types of relationships. One is the relationship between the phase of the Cooper pair θ and the vortex numberÑ , the other type is the relationship between the phase of the vortex fieldθ and the Cooper pair number N which, is given as follows:
From the Josephson equation, we derived the resistance given by
where RQ ≡ h/(2e) 2 is the quantum resistance [14, 15] .
In the last equality in eq.(2.5) , we used the relationship of eq.(2.4). In the same manner, from the dual Josephson equations, we derived the conductanceR = R −1 .
In the case of the condition ofÑ ≫ N or Ec ≫ EJ , , which is the state in a insulator. In particular, in this extreme case R → ∞, which is the state in a superinsulator. In the reverse case, in the condition ofÑ ≪ N or EJ ≫ Ec, which is the state in a conductor . In particular, in this extreme case R → 0,which is the state in a superconductor. As a special case of these conditions, in the case ofÑ = N and Ec = EJ π 2 /2 , in which the resistance R is equal to the quantum resistance RQ, which is the state in a self dual. In the above discussion, we have shown that we can more clearly define the presence of quantum resistance and a quantum critical point by using a dual canonical formalism. 
As a result of integration by θ, the partition function is as follows: Z= D N exp
Here Iα(EJ ) are the modified Bessel functions of the α-th order, and α are defined as α ≡ − ∂N/∂τ . We investigated the partition function using the Villain approximation [16] 
where ε is a slice unit of imaginary time and M ≡ β/ε is the total number of slice units. In addition, we can directly integrate out N in the eq. (3.1) . Then, the Lagrangian L(θ, θ) is expressed as a function of only theta as follows:
On the other hand, we applied the variables transformation of eq.(2.4) to the partition function of eq.(3.1), and we integrated out θ. Then, the Lagrangian L(θ,θ) is expressed as a function of only theta tilde as follows:
where χ are defined as 2πχ≡− cosθ∂θ/∂τ . By compare with eq.(3.3) and eq.(3.4), we find that these Lagrangians are a mutually dual representation. Next, using the dual Hamiltonian in eq.(2.2), we derive the partition functionZ (β) of a single dual quantum Josephson junction as follows:
As a result of integration byθ, the partition function is as follows:Z= D Ñ exp
whereα are integer fields asα ≡ − ∂Ñ /∂τ . Using the same procedure as in the previous section, we derived the dual partition function as follows:
If we compare eq.(3.2) and eq.(3.6), they are seen to be equal under the self dual conditions of Ec = EJ π 2 /2 . As with the derivation of eq.(3.3), we can integrate out N in eq.(4.1). Then the LagrangianL(θ,θ) is expressed as a function of only theta tilde as follows: On the other hand, as with the derivation of eq.(3.4), we applied the variables transformation of eq.(2.4) to the partition function of eq.(3.5), and we integrated outθ. Then the LagrangianL(θ, θ) is expressed as a function of only theta tilde as follows: 8) whereχ are defined as 2πχ ≡ cos θ∂θ/∂τ . By comparing eq.(3.7) and eq.(3.8), we find that these Lagrangians are a mutually dual representation. In addition, at the limit of large EJ in eq.(3.4), if these satisfy the Gaussian approximation ofθ, eq.(3.4) and eq.(3.7) are the same in the above conditions. Similarly, at the limit of large Ec in eq.(3.8), if these satisfy the Gaussian approximation of θ, eq.(3.8) and eq.(3.3) are the same in the above conditions.
The FM/SC/FM junction and its dual model as an analogy with the Josephson junctions
Thus far, we have dealt with models of a quantum single Josephson junction and its dual model to study the dual canonical formalism. In this chapter, as the duality of the spin and magnetic domain wall, we propose a single quantum spin device that operates using single quantum spin tunneling. The single spin transistor consists of the sandwich structure of the FM/SC/FM junction. In an analogy with a Josephson junction, the FM/SC/FM junction can be thought of as a ferromagnetic junction with a superconducting thin film barrier. In this case, the superconducting thin film functions as a spin capacitor. As a model for such ferromagnetic junction systems, first, we consider the Hamiltonian of the Heisenberg XXZ spin models, as follows: HFM = i,j −Jxy S Here, the first term describes the Ising spin energy and the second term describes the XY spin energy. We can rewrite the Hamiltonian with the introduction of a spin coherent state, and thus derive the Hamiltonian of the quantum single spin junction as follows:
where Esc ≡ (S 
In the first term, E dw ≡Φ In the case of a condition of NXY ≫NDW or Esc≫Exy, which is the state in a spin insulator. In particular, in the extreme case of Rs→∞, which is the state in a super spin insulator. In the reverse case, in the condition of NXY ≪NDW or Exy≫Esc, which is the state in a spin conductor. In particular, in the extreme case of Rs→0, the state in a super spin conductor. As a special case of these conditions, in the case of NXY =NDW and Esc= 2π 2 Exy, the spin resistance Rs is equal to the quantum spin resistance R s Q , which is the state in a self dual.
The quantum spin transistor
The single electron transistor [17] is a quantum effect device that operates by using the single electron tunneling created by a Coulomb blockade. Analogously, we propose a single quantum spin transistor that operates by using the single spin tunneling created by a spin blockade. The single quantum spin transistor consists of the FM/SC/FM junction of the sandwich structure. In this section, we consider the mechanisms that lie behind the single quantum spin tunneling, and advance a theoretical analysis to control this device. Now, Vs is the dimension of the frequency Vs =2πI/e=2πfs, where fs is the frequency of the single electron tunneling oscillations and Is is the dimension of the energy Is = eV/2π . Here, we used the following assumptions: φ ∝θ andφ ∝ −θ. As shown in Fig.5 , as an application of the FM/SC/FM junction, we have devised a spin transistor, where inductance L of the FM/SC/FM junction is defined by L ≡ 2π 2 /Jze 2 ; L1 and L2 are the inductance of junction1 and junction2, respectively; Ig is the current of the gate current source and Lg is the inductance of the gate current source. In each of junction1 and junction2, the forbidden condition of one quantum spin tunneling is given by the following respective equations: I = ±πS Fig.6 shows the operating characteristics of the FM/SC/FM junction. Analogous to the Coulomb diamond in the Coulomb blockade, in the area inside the diamond, the tunneling of spin is blocked. This means that there is a real spin blockade without electron tunneling.
Summary and Conclusion
The results shared in this paper can be described as follows. As our first result, we showed examples of a competing system with each other of two types. In one of them, as the electrical duality, we introduce a duality between the superconductor and the superinsulator. In the second type, as the magnetic duality, we introduce a duality between the ferromagnet and the superconductor. We applied the duality conditions by dual canonical formalism to the systems competing with each other, and we derived the relationship between the phase and the number of particles in a dual system of each other. We showed that we can more clearly define the presence of quantum resistance and a quantum critical point by a dual canonical formalism. In the second results, we indicate the conditions for a spin blockade in which electron tunneling does not take place, and as its application, we introduced a quantum spin transistor.
